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Abstract
In this paper we construct new hairy black holes of Lovelock-Born-Infeld-scalar
gravity in diverse dimensions. We study horizon structures of the black holes and
find the black holes may possess three horizons, two horizons or one horizon.
We give the thermodynamic quantities and check the first laws. We study the
thermal phase transition behaviors of the black holes in T -S plane, and find for
even-dimensional black holes, in some ranges of the parameters Van der Waals-like
phase transitions occur, in some ranges of the parameters, reentrant phase transi-
tions (RPTs) appear. For odd-dimensional black holes no such phase transitions
are found.
1 Introduction
It’s known that general relativity (GR) is non-renormalizable, however, it was found that
higher derivative corrections to Einstein gravity can lead to a power-counting renormal-
izable theory [1], therefore, researchers are motivated to study high derivative gravities.
Another reason to study higher order gravities is that, modifying gravity is an alter-
native way to explain the accelerating expansion of our universe without introducing
dark energy. Among the high derivative gravities, Lovelock gravity [2], which consists
of dimensionally continued Euler characteristics, is the unique theory that degenerates
to GR naturally in four dimensions. The field equations of Lovelock gravity contain no
more than 2nd order derivatives of metric and it is a theory of gravity free of ghost at
linear level. It was found that Gauss-Bonnet gravity, which is the second order Lovelock
gravity, emerges in the low energy limit of string theory [3, 4]. Since Lovelock gravity
contains a lot of Lovelock coefficients which makes it difficult to write the solution in an
explicit form, Ban˜ados, Teitelboim and Zanelli proposed a choice of the Lovelock coeffi-
cients, the theory obtained is called dimensionally continued gravity (DCG) [5]. Neutral
and charged black hole solutions of DCG have been found in [5–7], thermodynamics of
the black holes have been studied in [5–10].
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It is found that the linear Maxwell theory does not always work well to explain
electromagnetic phenomena. In 1936, Heisenberg and Euler proposed a nonlinear elec-
tromagnetic theory to describe the phenomena of quantum electrodynamics [11]. Also in
1930’s, Born and Infeld proposed a non-linear electrodynamics to cancel the self-energy
divergence of electron, the theory is now known as Born-Infeld (BI) electrodynamics [12].
The authors of [13, 14] found that BI action could be reproduced in the framework of
string theory. Nowadays, BI theory has also been used vastly to study dark energy, holo-
graphic superconductor and holographic entanglement entropy [15–17], etc. Therefore,
it is interesting to adopt BI electrodynamic field as a matter source to construct black
hole solutions. The first solution of Einstein-Born-Infeld theory was found by Hoff-
mann [18], the solution is devoid of essential singularity at the origin. Subsequently,
many black hole solutions of gravity coupled to BI electromagnetic field with or without
a cosmological constant were found [19–26]. Thermodynamics of the BI black holes have
been studied in [27–30].
It’s well-known that, no-hair theorems forbid the existence of asymptotically flat
black holes of Einstein gravity coupled to scalar field conformally [31, 32]. When the
cosmological constant vanishes, black holes with conformal scalar hair in 4 dimensions
was found but the scalar field configuration was found to be divergent at the horizon [33].
For spacetime with dimensions higher than four, black holes of this type simply do not
exist at all [34]. When the cosmological constant is non-vanishing, conformal hairy
black holes in 3 and 4 dimensions have been found [35, 36], with the configurations of
the scalar field being regular outside or on the horizon. However, until recently black
holes of this type have not been found for d > 4 where no-go results were reported [37].
Recently, the authors of [38, 39] proposed a new form of gravity coupled to scalar field
conformally. With the constituent
Sαβµν = φ
2Rαβµν − 2δ[α[µδβ]ν]∇ρφ∇ρφ− 4φδ[α[µ∇ν]∇β]φ+ 8δ[α[µ∇ν]φ∇β]φ, (1)
which transforms homogeneously, under the conformal transformations gµν → Ω2gµν
and φ→ Ω−1φ, as Sαβµν → Ω−4Sαβµν , they construct the conformally invariant action
Is =
∫
ddx
√−g
[
n−1∑
p=0
bp
2p
φd−4pδµ1···µ2pν1···ν2p S
ν1ν2
µ1µ2
· · ·Sν2p−1ν2pµ2p−1µ2p
]
. (2)
Where δ
µ1···µ2p
ν1···ν2p is the generalized Kronecker delta of order 2p
δµ1···µ2pν1···ν2p =
∣∣∣∣∣∣∣
δµ1ν1 · · · δµ1ν2p
...
...
δ
µ2p
ν1 · · · δµ2pν2p
∣∣∣∣∣∣∣ . (3)
The theory (2) is the most general one of gravity coupled to scalar field conformally
with 2nd order field equations both for metric and scalar field. When d = 4 or p = 1,
the theory (2) reduces to gravity coupled to scalar field conformally with potential
V (φ) = (λ/4!)φ4 and non-minimal coupling term (−1/12)Rφ2 [39]. Hairy black holes
of the theory (2) have been constructed in [39–43], the configurations of scalar field are
2
regular everywhere outside or on the horizon. These are the first example of black holes
with conformal scalar hair in d > 4. The calculations of [40,41] indicate that, compared
to black holes with no scalar hair the hairy black holes are the thermodynamical favored
configurations, i.e., they are thermodynamical stable. In this paper, we would like to
generalize the black holes constructed in our previous work [26] to contain scalar hair,
and study thermodynamics of the black holes obtained.
Thermodynamics of black holes always appeals to people. In the pioneering work [44],
Hawking and Page investigated phase transition between Schwarzchild-AdS black hole
and AdS vacuum. Subsequently, thermal phase transitions of black holes in inverse
temperature-horizon(1/T -r+) plane and temperature-entropy(T -S) plane were studied
in Refs. [45–49], it was found that the phase transition behaviors of the black holes
resemble the ones of Van der Waals liquid-gas systems. Later on, by identify cosmological
constant as pressure of the system [50], people studied thermal phase transitions of
black holes in extended phase space and found Van der Waals-like phase transitions
too [27,42,51–53]. Recently, in extended phase space the author of [54] found coexistence
of small/intermediate/large black holes and phase transitions between them. The phase
transitions resemble the RPTs, which are observed in multicomponent fluid systems,
gels, ferroelectrics, liquid crystals, and binary gases [55]. Because of the higher curvature
terms in Lovelock gravity, the expression of pressure is highly nonlinear, which makes it
very difficult to study phase transitions in extended phase space. On the other hand, it
was argued that the thermal phase transitions of black holes in T -S plane and in P -V
plane are dual to each other [49,56]. Thus in the following we will study thermal phase
transitions of the black holes constructed below in T -S plane and see whether Van der
Waals-like phase transitions or especially RTPs occur.
The paper is organized as, in section 2 we construct hairy black holes of Lovelock-
Born-Infeld-scalar gravity and study horizon structures of the black holes. In section
3, we present the thermodynamic quantities and check first law, then we study thermal
phase transitions of the black holes in T -S plane. We summarize our calculations in the
last section.
2 Black hole solutions
The action of Lovelock gravity coupled to BI electromagnetic field and conformally
coupled to scalar field is given by:
I =
1
16piG
∫
ddx
√−g
[ n−1∑
p=0
1
2p
δµ1···µ2pν1···ν2p
(
apR
ν1ν2
µ1µ2
· · ·Rν2p−1ν2pµ2p−1µ2p
+ 16piG bpφ
d−4pSν1ν2µ1µ2 · · ·Sν2p−1ν2pµ2p−1µ2p
)
+ 4piGL(F )
]
, (4)
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where G is the gravitational constant, L(F ) is the Lagrangian density of Born-Infeld
electromagnetic field
L(F ) = 4β2
(
1−
√
1 +
FµνF µν
2β2
)
, (5)
The coefficients ap in (4) are arbitrary constants, in the special case of DCG, the ap’s
are chosen as [5, 49]
ap =
(
n− 1
p
)
(d− 2p− 1)!
(d− 2)!l2(n−p−1) . (6)
Note that, DCG becomes Born-Infeld gravity in even dimensions and becomes Chern-
Simons gravity in odd dimensions [5, 6].
Taking variation w.r.t. the metric we obtains the equations of motion (EOM)
1
16piG
n−1∑
p=0
ap
2p+1
δνλ1···λ2pµρ1···ρ2pR
ρ1ρ2
λ1λ2
· · ·Rρ2p−1ρ2pλ2p−1λ2p = T (M)
ν
µ + T
(S)ν
µ, (7)
with the energy momentum tensor
T (M)
ν
µ =
1
8
δνµL(F ) +
1
4
FµλF
νλ√
1 + FρσF
ρσ
2β2
, (8)
and
T (S)
ν
µ =
n−1∑
p=0
bp
2p+1
φd−4pδνλ1···λ2pµρ1···ρ2p S
ρ1ρ2
λ1λ2
· · ·Sρ2p−1ρ2pλ2p−1λ2p , (9)
The EOM of electromagnetic field is given by
∂µ
 √−gF µν√
1 + F
ρσFρσ
2β2
 = 0. (10)
The EOM of scalar field reads
n−1∑
p=0
(d− 2p)bp
2p
φd−4p−1δ(p)S(p) = 0, (11)
here δ(p)S(p) ≡ δλ1···λ2pρ1···ρ2p Sρ1ρ2λ1λ2 · · ·S
ρ2p−1ρ2p
λ2p−1λ2p . If the Eq.(11) is imposed, the trace of energy
momentum tensor vanishes, this is consistent with conformal invariance of theory (2).
We are interested in static black hole solutions, the metric ansatz is taken as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2, (12)
4
where dΩ2d−2 is the line element of (d− 2)-sphere.
Under the electrostatic potential assumption, all other components of the field strength
Fµν vanish except Frt. Solving (10) we have
Frt =
Q√
r2d−4 + Q
2
β2
. (13)
If the scalar configuration is taken as
φ =
N
r
, (14)
the EOM of scalar field (11) is satisfied provided
n−1∑
p=1
pbp
(d− 1)!
(d− 2p− 1)!N
2−2p = 0,
n−1∑
p=0
bp
(d− 1)!(d2 − d+ 4p2)
(d− 2p− 1)! N
−2p = 0. (15)
Substituting (12), (13) and (14) into (7) we obtain the black hole solutions
f(r) = 1 +
r2
l2
− r2
(
16piGM
Σd−2rd−1
+
32piGH
rd
+
δd,2n−1
rd−1
− Ξ
) 1
n−1
, (16)
with
H =
n−1∑
p=0
bp
(d− 2)!
(d− 2p− 2)!N
d−2p, (17)
and
Ξ =
16piGβ2
d− 1
(
1−
√
Q2r4 + β2r2d
βrd
+
(d− 2)Q2
(d− 3)β2r2d−4 · 2F1
[
1
2
,
d− 3
2(d− 2) ,
7− 3d
4− 2d,
−Q2r4−2d
β2
])
.
(18)
Where Σd−2 is the volume of (d − 2)-sphere. The additive constant δd,2n−1 in (16) is
chosen so that the black hole horizon shrinks to a point when M → 0 [6, 49].
It’s easy to note that, in the limit H → 0, the black holes (16) degenerate to black
holes of DCG coupled to BI electromagnetic field, which were found in our previous
work [26]. The black holes reduce to charged black holes of DCG [5, 7, 49] in the limit
β →∞ and H → 0, and reduce to neutral black hole of DCG when Q→ 0 and H → 0.
It should be pointed out that the solutions (16) exist only for D > 4, since for D = 4
the constraint equations (15) require all bp vanish. Therefore, the solutions are not
generalizations of D = 4 solution. It is guessed that the solutions of D > 4 and D = 4
may belong to different branches of a larger set of solutions [39].
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Figure 1: f(r) versus r. The parameters are fixed as G = 1, l = 1, β = 0.13, Q = 1.4
(left), 1.5 (middle), 2.0 (right) and d = 5 (left), 6 (middle), 7 (right).
Now, let’s study horizon structures of the black holes. Fig.1 shows us the behaviors
of f(r) for fixed Q with varying M . It’s easy to see that, when Q is held fixed and
M equals to some Mext, it describes an extremal black hole, as the solid red line shows
us. When M decreases to below Mext, it describes a Schwarzschild-like black hole with
single horizon, as the dashed blue line shows. When M increases to above Mext, the
black hole may have three horizons, as displayed by the dotted green line. As M go on
increasing, the black holes may have two horizons, as the dash-dotted cyan line shows,
or one horizon, as the dotted black line shows.
Owing to the scalar hair, the horizon structures of the black holes found here are
different from the ones of the black holes we found before [26]. Here the black holes
may possess three horizons, in [26] the black holes with more than two horizons were
not found. f(r) here is always divergent at r = 0, while f(r) in [26] may be finite at the
origin for some values of the parameters.
3 Thermodynamics
In this section, we study thermodynamics of the black holes. First we give the thermo-
dynamic quantities and obtain the first law of thermodynamics, then we study thermal
phase transitions of the black holes in T -S plane.
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3.1 First law of thermodynamics
Mass of the black hole above, in terms of the horizon radius, is given by
M =
Σd−2
16piGrd+1+ (d− 1)(d− 3)(l2 + r2+)
{
(3− d)rd+
[
(1− d)l2rd+2+
(
1
l2
+
1
r2+
)n
+ 16piG(l2 + r2+)
(
2(d− 1)H − β
(
rd+β −
√
Q2r4+ + r
2d
+ β
2
))]
+ 16(d− 2)piGQ2r4+(l2 + r2+) 2F1
[
1
2
,
d− 3
2(d− 2) ,
7− 3d
4− 2d,
−Q2r4−2d+
β2
]}
− δd,2n−1Σd−2
16piG
.
(19)
Temperature of the black hole, which is given by Hawking temperature T = f
′
(r+)
4pi
, reads
T =
(
1
l2
+ 1
r2+
)−n
4l4(n− 1)pird+3+
√
Q2r4+ + r
2d
+ β
2
[
l2rd+2+
(
1
l2
+
1
r2+
)n (
l2(d+ 1− 2n)
+ (d− 1)r2+
)√
Q2r4+ + r
2d
+ β
2 + 32piGH(l2 + r2+)
2
√
Q2r4+ + r
2d
+ β
2
− 16piGβ(l2 + r2+)2
(
Q2r4+ + r
d
+β
(
rd+β −
√
Q2r4+ + r
2d
+ β
2
))]
. (20)
Wald entropy of the black hole is
S = −2pi
∮
dd−2x
√
hY µνρσµνρσ
=
Σd−2rd−2+
2G
n−1∑
p=1
p
2p
δµ1···µ2p−2ν1···ν2p−2
(
apR
ν1ν2
µ1µ2
· · ·Rν2p−4ν2p−2µ2p−4µ2p−2 + bpφd−4p+2Sν1ν2µ1µ2 · · ·Sν2p−4ν2p−2µ2p−4µ2p−2
)
=
Σd−2
4G
n−1∑
p=1
pbp
(d− 2)!
(d− 2p)!N
d−2p
+
(n− 1)Σd−2rd+
4G(d− 2n+ 2)
(
1
r2+
+
1
l2
)n−1
2F1
[
1,
d
2
,
d− 2n+ 4
2
,−r
2
+
l2
]
. (21)
Where µν is the normal bivector of the t = const and r = r+ hypersurface with
µν
µν = −2, and Y µνρσ = ∂L
∂Rµνρσ
. The electric charge is calculated through performing
integration of the flux of electromagnetic field in (10) on the t = const and r → ∞
hypersurface, yielding
Qe = QΣd−2. (22)
The electric potential is given by
Φ = Aµχ
µ|r→∞ − Aµχµ|r=r+
=
Q
(d− 3)rd−3+
· 2F1
[
1
2
,
d− 3
2(d− 2) ,
7− 3d
2(2− d) ,−
Q2r4−2d+
β2
]
(23)
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n β H Sc Qc Tc
3 9.80 0.01 0.146312 0.0951396 0.2382360
3 10.0 0.01 0.146321 0.0951375 0.2382370
3 10.2 0.01 0.146329 0.0951355 0.2382380
4 9.80 0.01 0.240208 0.0470022 0.1946574
4 10.0 0.01 0.240226 0.0470001 0.1946575
4 10.2 0.01 0.240242 0.0469982 0.1946580
5 9.80 0.01 0.325397 0.0216006 0.1682470
5 10.0 0.01 0.325459 0.0215975 0.1682480
5 10.2 0.01 0.325518 0.0215946 0.1682490
Table 1: Critical values of entropy, electric charge and temperature with G = l = 1.
With the thermodynamical quantities above, the first law of thermodynamics
dM = TdS + ΦdQe (24)
can be check to be satisfied.
3.2 Thermal phase transition
Now we study phase transitions of the black holes in the T -S plane with Q kept fixed.
The critical equations are given by
∂T
∂S
∣∣∣∣
Q
= 0,
∂2T
∂S2
∣∣∣∣
Q
= 0. (25)
Note that the derivative ∂T
∂S
∣∣
Q
is performed through
∂T
∂r+
∂S
∂r+
∣∣∣∣
Q
. First let’s consider the
even-dimensional black holes (d = 2n). Solving the equation ∂T
∂S
∣∣
Q
= 0 we have
Q2 = −r4(n−1)+ β2 +
(
Υ +
√
2048(n− 1)pi2G2β4r4n+ (l2 + r2+)3(l2 + (2n− 3)r2+) + Υ2
)2
1024pi2G2β2r4+(l
2 + r2+)
2(l2 + (2n− 3)r2+)2
,
(26)
with
Υ =l2r
2(n+1)
+
(
1
l2
+
1
r2+
)n
(l2 + (1− 2n)r2+)
+ 16piG(l2 + r2+)
(
6Hl2 + 2H(2n− 1)r2+ − r2n+ β2(l2(2n− 3) + r2+)
)
. (27)
By inserting Q2 in (26) into ∂
2T
∂S2
∣∣
Q
= 0, after some variable substitutions, fortunately
we obtain the explicit form of the critical equation, which is a little lengthy we will
not present it here. The critical equation is too complicated to be solved analytically,
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n β H Sc Qc Tc
3 10 0.008 0.132692 0.0818376 0.231887
3 10 0.010 0.146321 0.0951375 0.238237
3 10 0.012 0.158831 0.1076940 0.243736
4 10 0.008 0.215908 0.0387992 0.189762
4 10 0.010 0.240226 0.0470001 0.194657
4 10 0.012 0.262599 0.0550068 0.198840
5 10 0.008 0.290659 0.0171849 0.164223
5 10 0.010 0.325459 0.0215975 0.168248
5 10 0.012 0.357570 0.0260368 0.171660
Table 2: Critical values of entropy, electric charge and temperature with G = l = 1.
numeral results are listed in the tables. From table 1 one can see that, when H is fixed,
as β increases, the critical entropy and temperature increase while the critical electric
charge decreases. From table 2 one sees that, when β is fixed, as H increases, the critical
entropy, the critical temperature and the critical electric charge all increase. It’s also
noted from tables 1 and 2 that as the dimension of spacetime increases, the critical
entropy increases while the critical temperature and critical electric charge decrease.
For odd-dimensional black holes (d = 2n− 1) we repeat the above procedure, however,
no phase transitions are found. This agrees with the results found in Refs. [49] and [26],
there thermal phase transitions of odd-dimensional black holes in T -S plane were not
found too.
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Figure 2: Isocharge plots for black holes with d = 6 (left two), d = 8 (middle two) and
d = 10 (right two). The parameters are fixed as G = 1, H = 0.01, β = 10, l = 1.
In Fig.2, we present the isocharge plots of 6-dimensional(6d), 8d and 10d black holes
in T -S and F -T planes, where F is the free energy which is defined as F = M − TS.
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Figure 3: A close-up of the dash-dotted red lines in F -T planes in Fig.2. At T = T0
there exists an “zero order phase transition”. At T = T1 there exists a first order phase
transition.
From Fig.2 one can see that, for fixed β and H, when Q > Qc the black hole is always
stable, no phase transition appears, as the dotted black and green lines show us. When
Q decreases to below Qc, large/small black holes phase transition occurs, this phase
transition is a first order one, as displayed by the cyan and purple lines. When Q goes
on decreasing, there exists a range of Q, Q ∈ (Qt, Qz), for which the free energy is
discontinuous at some T = T0 (see Fig.3), at which the black hole undergoes a “zero
order phase transition” between intermediate size and small size black holes. This
phenomenon is also seen in superfluidity and superconductivity [57]. At some T = T1
the black hole undergoes a first order phase transition between large/small black holes.
This kind of phase transition is reminiscent of the RPT, as the blue lines show us. When
Q decreases to below Qt, no Van der Waals-like phase transition appears.
4 Conclusions
In this paper, we construct new hairy black holes of Lovelock-Born-Infeld-scalar gravity.
We study horizon structures of the black holes and find the black holes may possess three
horizons, two horizons or one horizon. Owing to the scalar hair, horizon structures of
the black holes constructed in this paper are different from the ones of the black holes
found by us in [26], there the black holes with more than two horizons were not found.
Metric singularities at the origin always exist for black holes in this paper, while there
may be no metric singularities at the origin for black holes in [26] in some ranges of the
parameters.
We study thermal phase transitions of the black holes in T -S and F -T planes with
fixed Q, and find there exist thermal phase transitions for even-dimensional black holes
while no phase transitions occur for odd-dimensional black holes. For even-dimensional
black holes we find that, when Q > Qc the black holes are stable, no phase transitions
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appear. When Q decreases to below Qc, Van der Waals-like phase transitions occur.
When Q goes on decreasing, there exists a range of Q, Q ∈ (Qt, Qz), in this range the
black holes undergo a “zero order phase transition” at some T = T0 and undergo a first
order Van der Waals-like phase transition at some T = T1, i.e., RPTs are found in T -S
plane. When Q decreases to below Qt, no Van der Waals-like phase transitions appear.
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